] ' 3 (Sem—4) MAT M 1

2018

- MATHEMATICS |
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Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following as directed : 1x10=10

' (@) Find the values of x and y, if

'S={1—(::1)—:ne N}, inf S=x and

supS=y

(b) 1Is the set Q of all rational numbers
closed? Give justification.



(2)

(c) Define the limit inferior of the sequence
{a,} of real numbers. '

(d) If a, =(-1)* and b, =(-1)**), then the
sequence {a,b,, is always convergent.

( Write true or false )

(e} 1If the series
Uy —Ug +Uz ~Ug +-, (U, >0, Vn)

is such that wu,,,<u,,Vn and
lim u, =0, then the series

n—ee

(i) converges
(ii) diverges
(ifi) oscillates .

( Choose the correct answer )

() The series

is not convergent. Give reason.

(g) Evaluate :
lim sin x

x—=0+ J;

8A/1008 ( Continued )



(3)

(h) A function f is defined on R by
~x2, if x<0
Sx—-4, if O0<x<1
4x? -3x, if 1<x<2
3x+4, if x22

- fg=

Discuss the kind of discontinuity at
x =0, if any.

(i) Find the value of c€]q b[ for Cauchy’s
mean value theorem for the functions

flx)=e* and g(¥ =€ in [q b}

() State the intermediate value theorem for
derivatives.

2. Answer the following.questions = 2x5=10

{a) Ifae Rsuch thatO<a<eforeverye >0,
then prove that a=0.

(b) Test the convergence of

() Show that the function f (.u:}:l is not
el ; -

uniformly continuous on 10, 1].
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(4) ' ')

(d) Examine the function (x-3)°(x+1)* for
the extreme value x = 3.
(¢) Show that the function fl)=x2 is '
derivable on [0, 1].
3. Answer any four parts : 5x4=20
fa) Prove that the arbitrary intersection of
: closed sets is closed. : . 5
(b) 1f{a,} is any sequence of real numbers,
' then prove that
infa, <lima, <lima, <supa, 5
(¢ 1 Yu, is a positive term series, such
that
" lim Yn+l _ 4
noe U,
then prove that the series converges if
A<l S
(d) Test for convergence of the series
12 .22 12 ' :
; 23 2[211 12) 2L x50 5
 22.42%...2p) ‘
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(5)

(e) Prove that if a function fis continuous
on a closed interval [q, b], then it attains
its bounds at least once in [q, b]. 5

() Use Taylor’s theorem to show that

2
X
cosx=21-—"
2

for all real x>0. 5 ¢

4. Answer either (a) and (b) or {c) and (d) : 5%x2=10
(@) If S, SQI are subsets of R, then show
that * (55N S;)’'cSNS;.. Give an
example to show that the equality
between (S; N S,)” and S{ N S; may not
hold, where S/ denote derived set of S;
fori=12. : ! 3+2=5

(b) State and prove Sandwich theorem for
sequence of real numbers. ; 5

(c) If {a,} is a sequence, such that
lim 2+l > 1, then prove that
lima, =-eo. o~ 5

(d) If the monotonic increasing sequence
{S,} is bounded, then prove that it is
_convergent. Py 5
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(6)

S. Answer either {a) and (b) or (¢) and (d) : 5x2=10

(@)

(b)

(c)

When is a series Zun- said to be
absolutely convergent? Show that for
any fixed value of x, the series

isinnx
2
n=1 N

is convergent. 1+4=5

State Gauss’s test for convergence of a

series. Applying this test, examine the
convergence of the series

+E+a(a +1) | a(a +1)(o +2)

B BB+1) PBR+1E+2
where o >0 and B >0. 1+4=5

Using comparison test (first type), show
that

1 1 1
+—t+—+—+
21 3! 4!

is convergent. 5

(d)
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Rearranging the terms of
1.1 1 1 1. )

show that the series .can be made
convergent to different limits. State a
condition wunder which a series
converges to the same limit after
rearrangement. 4+1=5
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(7))

6. Answer any two parts : 5x2=10

{a) When is a function f(x) said to have a
discontinuity of the first kind at x = c? If
[x] denotes the largest integer < x, then
discuss the continuity at x=3 of
f(x)=x—-[x], Vx =0.
Is the function continuous at the
integral value x =27 ~ 1+3+1=5

(b) Prove the following : | 2%a+2Y%=5
(i) lim f(x) = B implies lim|f(x)|=|B]|
Xx=c x—=c

; .1
i) llm xsin—=0
(u} x—0 x

{c) Prove that a continuous and strictly
increasing function f in [q b] is
invertible and the inverse function is
continuous in [f(a), f(b)]- 5

(d) Suppose that f:R — R'is differentiable
at ¢ and that f(¢J=0. Show that
g(x) =|f(x)| is differentiable at ¢ if and
only if f’(c)=0. 5
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(8)

7. Answer any two parts : 5x2=10

{a) A twice differentiable function f is such
that fl@=f(b)=0 and f()>0, for
a <c < b. Prove that there is at least one
value A between a and b for which
M <o0. 5

(b) Prove that between any two real roots of
e™ sin x = 1, there is at least one real root
of e*cosx+1=0. 5

(c) Show that sin x(l +cosx) is maximum at
x=%/3. ' 5

(d) Find Maclaurin’s - power  series
expansion for the function

f(x)=logl+x), for ~-1<x <1 5

% Ak
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